This paper reviews some recent progress on dimer and spanning tree enumerations. We use the Kasteleyn formulation to enumerate close-packed dimers on a simple-quartic net embedded on non-orientable surfaces, and obtain solutions in the form of double products. For spanning trees the enumeration is carried out by evaluating the eigenvalues of the Laplacian matrix associated with the lattice, a procedure which holds in any spatial dimension. In two dimensions a bijection due to Temperley relates spanning tree and dimer configurations on two related lattices. We use this bijection to enumerate dimers on a net with a vacancy on the boundary. It is found that the occurrence of a vacancy induces a √ N correction to the enumeration, where N is the linear size of the lattice, and changes the central charge from c = 1 to −2.
Introduction
Theoretical studies of the physics of real systems often lead to problems of farreaching interests in mathematics, and solutions to the mathematical problems in turn yield new insights to the physical problems. One such example is the advent of dimer statistics, a subject matter at the forefront of mathematical research, from the evaluation of the adsorption entropy of diatomic molecules on a surface.
1 Another example is the arising of the notion of spanning trees, again a subject matter of immense interest in graph theory, from the theory of electric network currents. 2 In two dimensions these two mathematical problems are further interrelated, a fact recognized again through the consideration of the physics of the problems. 3 In this paper we describe and review some recent progress on dimers and spanning trees obtained by the author and co-workers.
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We first define the problems of dimer and spanning tree enumerations. The dimer problem is treated in section 2 where the Kasteleyn formulation is outlined and used to obtain the dimer generating function for two non-orientable surfaces, the Möbius strip and the Klein bottle. In section 3 an established result in graph theory is used to enumerate spanning trees. In section 4 we describe a bijection due to Temperley 3 which relates dimers and spanning trees on two related lattices, and use it to establish the independence of the dimer generating function on the location of a vacancy on the boundary of a simple-quartic net. The bijection also leads to an explicit evaluation of the dimer generating function for the defect lattice. Results of finite-size analyses, which lead to corrections induced by the geometry of a boundary vacancy, are presented in section 5.
Definitions
We shall consider a regular lattice L having a vertex (site) set V and edge set E, but much of our results are applicable more generally to L being an arbitrary graph. Number the sites from 1 to |V | and associate to the edge e ij connecting vertices i and j a weight x ij , with x ij = 0 if there is no edge connecting i and j. A dimer covering P (for |V | = even) is a pairing of the |V | vertices into |V |/2 pairs. We say that the edge e ij is covered by a dimer if e ij appears in P. Then, the dimer generating function is
where the summation is taken over all dimer coverings. The total number of dimer coverings is obtained by setting
Specializing (1) to an M × N simple-quartic lattice of M rows and N columns with edge weights z h and z v respectively in the horizontal and vertical directions, the dimer generating function is
where n h and n v are, respectively, the numbers of horizontal and vertical dimers in P.
Next we define spanning trees. A subset of edges T ⊂ E is a spanning tree if it has |V | − 1 edges with at least one edge incident at each vertex. Thus T has no cycles. The enumeration of spanning trees concerns with the evaluation of the spanning tree generating function
where the summation is taken over all spanning trees configurations T . Particularly, the total number of spanning trees on L is obtained by setting
Specializing (5) to a simple-quartic net as in the above, the tree generating function assumes the form
where n h and n v are, respectively, the numbers of horizontal and vertical edges in T . The evaluation of (3) for L with free and toroidal boundary conditions was first accomplished by Kasteleyn 9 and Temperley and Fisher. 10, 11 Here we extend the solution to non-orientable surfaces, 4, 7, 12 and to the net L having a boundary vacancy. It is an elementary fact that the superposition of two dimer configurations decomposes a lattice L into superposition polygons, namely, polygons formed by tracing along dimers from vertex to vertex. Orient all edges of L and define an |V | × |V | antisymmetric matrix A(x ij ) with elements
if the edge ij is directed from i to j.
Then, Kasteleyn 9 has established the remarkable result that
where |A| is the determinant of A, provided that lattice edges are oriented such that the product of all edge weights around every possible superposition polygon is negative. Namely,
for sites i, j, k, ..., around a superposition polygon arranged in the order of, say, a clockwise (cw) direction. Henceforth we shall refer to the sign of −x ij x jk · · · x i as the sign of the (superposition) polygon. The Kasteleyn criterion (9) is remarkable since it says nothing about the dimensionality of the lattice. It is this flexibility which permits its application to non-orientable surfaces. However, even if the Kasteleyn criterion is met, it still remains to evaluate the determinant |A(x ij )| which can be a formidable task in some cases.
Simple-quartic nets on non-orientable surfaces
We consider the enumeration of dimers on an M × N simple-quartic net embedded on two non-orientable surfaces. The net forms a Möbius strip if there is a twisted (Möbius) boundary condition in the horizontal direction as shown in Fig. 1 , and a Klein bottle if, in addition to the twisted boundary condition, there is also a periodic boundary condition in the vertical direction.
To satisfy the Kasteleyn criterion (9) we make use of a trick due to T. T. Wu
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of associating a factor i to dimer weights in one spatial direction. For a simplequartic net with free boundaries, one associates a factor i to dimer weights in the direction in which the number of lattice sites is odd. For {M, N } = {even, odd}, for example, one replaces z h by iz h . If the number of lattice sites is even in both directions, then the factor i can be associated to dimers in either direction. Next one orients all parallel lattice edges uniformly in the same direction. To see that this orientation satisfies the Kasteleyn criterion for free boundary conditions, the case considered by Wu, one superimposes any dimer covering C 1 with a standard C 0 in which the lattice is covered only by parallel dimers with real weights. Then, each superposition polygon formed by C 1 and C 0 contains an even number of arrows pointing in each (cw or ccw) direction as well as a factor i 4n+2 = −1, where n is a nonnegative integer. It follows that the criterion (9) holds and the sign of every polygon is positive. Note that the construction of C 0 requires either M or N to be even.
On non-orientable surfaces a superposition polygon can wrap around the lattice in the horizontal direction, and this causes problems in realizing the Kasteleyn criterion. Particularly, one needs to pay attention to whether M and N are even or odd. Starting from a net with free boundaries, there are M additional horizontal "connecting" edges (shown in Fig. 1 ) and, in the case of the Klein bottle, N additional vertical connecting edges (not shown in Fig. 1 ). These edges need to be oriented. It turns out that, except in the case that both M, N are even, 4 it is not possible to orient the connecting edges so that the Kasteleyn criterion holds for all polygons wrapping around the lattice. However, one can take advantage of the regularity of the signs of the polygons to extract the desired solution.
Let the horizontal connecting edges carry a weight z, and let A(z) denote the resulting antisymmetric matrix (7) . It is straightforward to show 7 that superposition polygons containing 4n and 4n + 1 connecting z edges in its perimeter, where n is an integer, have the same sign and those having 4n + 2 and 4n + 3 connecting z edges have the opposite sign. It follows that 7 the desired dimer generating function on a net (with uniform weights z h and z v ) is given by the linear combination
where Re denotes the real part. This formula applies to both the Möbius strip and the Klein bottle.
The determinant |A(±iz h )| can be evaluated by computing the eigenvalues of the matrix A(±iz h ), and the algebra is somewhat different for the two lattices shown in Fig. 1 . We refer to Ref. 7 for details and give here only the final result,
where [x] is the integral part of x, and
For N = even, the product in (11) is real and (11) reduces to a simpler form
For the Möbius strip Tesler 12 has also obtained the solution in terms of generalized Fibonacci numbers. It can be shown that his solutions are the same as those given by (11) .
In all cases, one obtains in the thermodynamic limit the per-site bulk free energy
This gives the per-site entropy of the adsorption of diatomic molecules on a simplequartic lattice as
where G is the Catalan constant given by
4. Spanning tree enumerations
The Laplacian matrix
First we recall an established result in graph theory on spanning trees. Consider a graph L with edge weights x ij . In analogous to (7) we define a |V | × |V | symmetric matrix B with elements
Thus B is the adjacency matrix of L if x ij = 1. Define further a diagonal matrix ∆ with elements
Then, the matrix
is the Laplacian of the lattice L. The Laplacian matrix has the property that the sum of each row or column is zero, so it has a zero eigenvalue. Let λ 1 , λ 2 , ..., λ |V |−1 be the |V | − 1 nonzero eigenvalues of L. Two fundamental theorems in graph theory 14, 15 state that we have
A proof of (20) can be found in any book of graph theory (see, e.g., Ref. 14) , and an elementary proof of the equivalence of (20) and (21) has been given in Ref. 5.
Simple-quartic lattice
We have used the formulation (21) to derive spanning tree generating functions for finite hypercubic lattices in d dimensions under various boundary conditions 5 as well as for regular lattices in two dimensions. 6 Here we discuss only the simple-quartic lattice with free boundary conditions which is relevant to our ensuing discussions.
For the simple-quartic lattice with free boundary conditions the Laplacian assumes the form
where I N is an N × N identity matrix, and H N is the N × N tri-diagonal matrix 
The eigenvalues of H N are
Then, by diagonalizing Q in the two subspaces of dimensions M and N separately, one obtains the its eigenvalues
Using (21), one then obtains
and the per-site free energy
This leads to
Simple-quartic net with a vacancy
The similarity between (14) and (27) is striking, since it suggests a connection between the dimer and spanning tree problems. Indeed, Temperley 3 has found a bijection between dimer and spanning tree configurations on two related lattices. The bijection has recently been extended to general planar graphs with weighted and/or oriented edges. 16 Here, we describe a version of the bijection relevant to out discussions.
Temperley bijection
Starting from an M × N simple-quartic net L with free boundaries, one constructs a dimer lattice L D by i) adding a new site at the midpoint of each edge of L, ii) inserting in each internal face of L a new site connected to the midpoints of the 4 edges of L surrounding it, and iii) removing one of the original boundary sites of L together with its edges incident from the neighboring midpoints inserted in i). Thus, L D has a total of (2M − 1) (2N − 1) − 1 sites consisting Temperley bijection: There exists a one-one correspondence between spanning tree configurations on L and dimer configurations on L D .
To see that the bijection holds, one observes that to each spanning tree configuration on L, one can construct a unique dimer configuration on L D by first laying a dimer along each tree edge, starting from the edge(s) covering the site of L D which has (have) been removed, and proceed along the spanning tree edges in an obvious fashion. After laying dimers along all tree edges, the remaining sites of L D can then be covered by dimers in a unique way.
3 Conversely, starting from each dimer configuration on L D , one constructs a unique tree configuration on L by drawing bonds (tree edges) along dimers originating from all odd sites. These bonds cannot form close circuits, since otherwise they would have enclosed an odd number of sites of L D which is not permitted in close-packed dimer configurations. This process leads to a unique tree configuration on L. This completes the proof.
Examples of the Temperley bijection are shown in Fig. 3 .
Dimer enumeration on L D
To enumerate dimers on L D which is a simple-quartic lattice with a defect on its boundary, one must start from M, N odd so that the net of (2M − 1)(2N − 1) − 1 sites admits dimer coverings. Let L D and L D be two dimer lattices derived from L as described in the above. Let the dimer and spanning tree edge weights be the same z h and z v . Then, the Temperley bijection implies a one-one correspondence between dimer configurations on L D and L D via the mutual equivalence to spanning trees. A moment's reflection now shows that the two dimer configurations also have identical weights. 7 It follows that we have the identity
Namely, the dimer generating function is independent of the location of the boundary vacancy. This is a somewhat unexpected result which is difficult to see without the use of the Temperley bijection. For M, N odd, the aforementioned scheme of orienting lattice edges for the realization of the Kasteleyn criterion no longer holds, since in constructing C 1 one needs either M or N be even. However, using the Temperley bijection it can be shown 8 that the dimer generating function for L D is given by
Particularly, for z h = z v = 1, one has
where the last line is obtained from (26) with z h = z v = 1. However, one must note that L D is a (2M − 1) × (2N − 1) lattice with a boundary defect.
Finite-size analyses
Finite-size expansions of physical quantities associated with two-dimensional lattice models have been of interest both in physics 4, 17 and in mathematics. 
where f bulk is the bulk free energy as computed in (14) and (27), c 1 , c 2 are constants independent of M and N , and c 3 is a constant which can depend on M and N . In conformal field theory one further computes the limits
using which the central charge c can be computed from the values of ∆ 1 and ∆ 2 . These expansions hold for general M and N regardless whether they are even or odd.
We have carried out finite-size analyses of our solutions for dimer 4 
The expression of c 3 , which is again symmetric in M, N , leads to a new central charge c = −2. Furthermore, the term − 1 2 ln N in c 3 , which is absent in c 3 , gives a √ N correction to the dimer enumeration. A concrete example exhibiting this correction has been given in Ref. 8 . We remark that Kenyon 18 has found the correction factor to be N 3/4 if the vacancy occurs in the interior of the lattice.
